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B I N A R Y  LAMINAR BOUNDARY L A Y E R  O V E R  A V E R T I C A L  SURFACE WITH 
COMB I N E D  FREE A N D  F O R C E D  C O N V E C T  I ON 

P .  M. B r d l i k  and V .  1 .  Dubovik 

ABSTRACT. T h e  s t u d y  ca lcu la tes  t h e  location of three types 
of motion modes, f r e e ,  combined and forced convection, while 
examining t h e  dynamic and thermal cha rac t e r i s t i c s  of a 
boundary layer w i t h  respect to  t h e m .  Mass t r ans fe r  w i t h  
f r e e  and forced convections a r e  t h e n  indicated. 

We consider hea t  and mass t r a n s f e r  over a v e r t i c a l  surface with combined /120* 

f r e e  and forced convection. - The boundary layer  d i f f e r e n t i a l  equations, t rans-  

formed t o  ordinary d i f f e r e n t i a l  equations, contain a parameter which defines 

t h e  influence of free convection on forced motion. C r i t e r i a  a re  given f o r  

c lass i fy ing  the  nature  of the motion i n t o  purely f r e e ,  purely forced convection 

and combined mode of motion. 

x, Y - 
u, v - 

g -  
T -  
v -  
B -  
a -  

D -  
p1 - 

*2 - 
t l -  

Notat ion 

coordinates,  T 
ve l o c i  t y  components 
g rav i t a t iona l  accelerat ion,  

W 
x 

temperature, 
kinematic v i scos i ty  , 

m* thermal expansion coe f f i c i en t ,  
thermal d i f f u s i v i t y  coef f ic ien t ,  

shear  s t r e s s  a t  wall ,  

thermal conductivity coef f ic ien t ,  
l a t e n t  heat of phase transform, 
dimensionless temperature and 
dimensionless p a r t i a l  vapor densi ty ,  
complex (mlm -m l w  1/(1 - mlw) , 

p a r t i a l  vapor densi ty ,  c - s p e c i f i c  heat  a t  constant pressure,  
P 

di f fus ion  coe f f i c i en t ,  
weight ve loc i ty  

independent va r i ab le  

- 
G - Grashof number, 
R - Reynolds number, 
P - Prandtl  number, 
S - Schmidt number, 

"Numbers i n  the  margin ind ica te  pagination i n  the foreign t e x t .  
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The index w denotes t h e  value on the  surface,  t he  index m denotes t h e  

value a t  a la rge  dis tance from t h e  surface,  t he  index 1 denotes vapor, t he  

index 2 denotes a i r .  

/121  

We consider (Figure I) a v e r t i c a l  p l a t e  with a constant temperature Tw 

of component 1, located i n  the  stream of a binary and a p a r t i a l  densi ty  p 

mixture flowing with ve loc i ty  Um i n  t h e  d i rec t ion  o f  t he  l i f t i n g  forces .  
i w  

1 

I Pfw ; 
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I 

I 
I 
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Figure 1 

For a laminar incompressible boundary 

layer  f o r  which we neglect the viscous dissi: 

pat ion and f o r  which we do not take i n t o  ac- 

count the  thermal d i f fus ion ,  i. e . ,  the  d i f -  

fusive thermal conductivity,  and a l so  under 

the  assumptions t h a t  c = c and t h a t  the 

physical parameteTs f o r  t h e  v e r t i c a l  plane 

are constant, t h e  d i f f e r e n t i a l  equations are 

wr i t ten  i n  the  form 

P l  P2 

[all aL: - - + - -0 
ax ay 

L e t  us a l s o  admit that, the  ve loc i ty  of t h e  condensed f l u i d  on the wall  

and its thermal res i s tance  are  negl igibly small i n  comparison with the ve loc i ty  

of unperturbed flow and the  thermal res i s tance  of the boundary layer .  

thermore, i n  the equations of motion w e  omit the  term f o r  the  l i f t  a r i s ing  

from the  difference i n  concentrations. 

Fur- 

We reduce system (1) t o  ordinary d i f f e r e n t i a l  equations by introducing 

the  independent var iab le  r, and the  stream function @ 
- 

, 
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In t h e  new var iab les  we have 

- .  
Then i n  the 'p l ace  of system (G w e  obtain . 

- 4  
where 

In the  transformed equations there  appears the  parameter G/R2 = A which 

i s  independent of n .  
tu rns  i n t o  the  equation f o r  forced convection; f o r  large values of  A, obvious- 

l y ,  t h e  free convection process w i l l  be dominant. 

en t i a t ion  with respect ' t o  n .  

When t h i s  parameter is  equated t o  zero equation (5) 

, 
The primes denote d i f f e r -  

- 
In  the new variables  t h e  boundary conditions <2) f o r  system (5) w i l l  be: 

P (0) = 0, f, = const, e = 1, =.I when = 0 
P ( x ) =  1, 8=  0, q =  o when q =  (6) 

The boundary condition fw = const s igniEies  t h a t  

The s t a t e d  cons t ra in t  does not manifest i t se l f  on tAe genera l i ty  of the 

conclusions made i n  t h i s  paper. As was shown i n  [l, 21 the law of va r i a t ion  

of vW under f r e e  and forced convection has a comparatively weak influence on 

the  va r i a t ion  of t h e  cha rac t e r i s t i c s  of  the  boundary layer  and of t h e  loca l  

heat exchange coef f ic ien t .  
- /122 

- 1/2 In the  majority of cases the law vw - x 

i s  consis tent  with the condition of constant temperature and constant mass 
content on t h e  surface.  

surface a re  

The weight ve loc i t i e s  of a i r  and vapor on the p l a t e ' s  

which gives 

- 3  
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since 

and, consequently, 
i am, pvxlc = - p~ - ( Fj 
- mlw U=O 

From re l a t ions  ( 3 ) ,  (6), (8) and (9) we f i n d  t h a t  

(9) 

where mlw i s  the  mass content of the  vapor on the  surface.  
t 

The nonl inear  system (5) with boundary conditions (6) was solved on the  

the  sweep technique e l ec t ron ic  computer M-20 by an i t e r a t i o n  method using 

[3, 41. The Blasius solution-[S) was taken as the  zeroth approximation f o r  

f ( n >  ' 

As a result of t h e  computations ca r r i ed  out we obtained the  p r o f i l e s  f o r  

the  ve loc i ty ,  t he  temperature and the  d i s t r ibu t ion  of t he  p a r t i a l  densi ty  of 

component 1 i n  the  boundary 1-ayer (Figures 2 ,  3 ,  4) f o r  mixed f r e e  and forced 

convection f o r  the numbers P = 0.72, S = 0 . 6  and f o r  the parameter A equal 

t o  0.1, 1, 10, 100 with fw = 0.05. 

fluence of t h e  mass flow i n  the  temperature p r o f i l e  fo r  A = 0.1. The s o l i d  

l i n e s  on Figure 3 represent  t he  d i s t r ibu t ion  of the  density of component 1, 
while t h e  dashed l i n e s  represent t he  temperature d i s t r ibu t ion .  

On Figure 4 as an example is shown the  in-  

A. A. Szewczyk [6] solved t h e  problem f o r  t he  case fw = 0,  but  without 

taking t h e  phase transforms i n t o  account. 

present paper coincide with those i n  [6]. 
In t h i s  case the  r e s u l t s  i n  the  
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Figure 2 Figure 3 F i g u r e  4 

The loca l  skin f r i c t i o n  on the  wall is  determined by the  expression 

From r e l a t i o n  (4) we get  t h a t  

Then from (11) we have 

or ,  i n  dimensionless form, 

_ . I  - -  

The t o t a l  heat  f l ux  (with due regard t o  the  phase t r a n s i t i o n  hea t ) ,  with- 

drawn through the wall is  computed from the  f o m l a  

and, moreover, we take the  plus  s ign f o r  evaporation and the  minus s ign f o r  

condens a t  i on. 

/123 

Then the  heat  removal coef f ic ien t  (with due regard t o  the  phase t rans-  

i t i o n  heat)  i s  



o r  

The f irst  term occurring i n  the  curly brackets gives the  convective com- 

ponent of t he  heat  f l ux .  Analogously, f o r  the  mass f lux  

or  the  mass removal coef f ic ien t  i s  

and, 'consequently, t h e  Nusselt number f o r  mass t r a n s f e r  w i l l  be 

The conditions under which t h e  heat  removal process can be t r ea t ed  e i t h e r  

as only a f r e e  convection flow o r  as only a forced convection flow may be de- 

termined by comparing the  numerical ca lcu la t ion  with the r e s u l t s  of the heat  

removal ca lcu la t ion  f o r  purely forced and purely f r e e  convections with 

P = 0.72 by means of the  equations 
- 

The f irst  r e l a t i o n  i n  (18) was obtained from t h e  r e s u l t s  of t h i s  paper 

and coincides with t h a t  given by other  authors [l], while t he  second r e l a t i o n  

i n  (18) was obtained from the  r e s u l t s  of [7]. 

If w e  take it [8] t h a t  the hea t  t r a n s f e r  under purely forced o r  purely 

free convection d i f f e r s  from (18) by no more than 5%, then the  boundaries of 

these streams can be deteAined from the  conditions 

0 < A < 0.095 - forced convection 
0.095 < A < 16 - combined convect ion 

16 < A - free convection 
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Analogously, from the well-known expressions [S, 71 

-0.3205 
-0.3064 
-0.3024 
-0.29% 
-0.2944 
-0.2904 
-0.286G 

we can obtain the boundaries of the stream modes f o r  calculating the skin 

0.0579 
0.039 I 
0.0198 
0.0 

-0.0203 
-0.0113 
-0.0628 

friction 

-0.3835 
-0.3799 
-0.3764 
-0.3730 
-0.3696 
-0.3B60 
-0.3625 

0 < A  < 0.015 -forced convection 
0.015 < z1 < 16 - combined convection . l G < A  I 

free convection 

0.0469 
0.0316 
0.0159 
0.0 

-0.0162 
-0.0361 
-0.0480 

FREE AND FORCED CONVECTIONS C O I N C I D I N G  I N  D I R E C T I O N  

-0.5S31 
-0.5%9 
-0.5315 
-0.5786 
-0.5754 
-0.5722 

0.06 
0.04 
0.02 
0.0 

-0.02 
-0.04 
-0.06 

0.06 
0.04 
0.02 
0.0 

-0.02 
-0.04 
-0.06 

0.06 
0.04 
0.02 
0.0 

-0.02 
-0.04 
7-0.06 

0.06 
0.04 
0.02 
0.0 

-0.02 
-0.04 
-0.06 

0.0306 
0.0205 
0.0103 
0.0 

-0.0104 
-0.0209 

-0.3295 
-0.3246 
-0.319s 
-0.3149 
-0.3102 
-0.3454 
-0.3006 

-0.4125 
-0.4082 
-0.4039 
-0.3095 
-0.3956 
-0.3913 
-0.3871 

-0.6393 
-0.6354 
-0.6315 
-0.6277 
-0.6235 
-0.620 1 
-0._6162 

--1.075.6 
-1.0716 
-1.0679 
-1.0641 
-1.0603 
-l.O561 
-1.0526 

-0.9376 
-0.9344 
-0.9313 
-0.9783 
-0.975 1 
-0.9720 
-0.9689 

0.0182 
0.0122 
0.0061 
0.0 

-0.0061 
-0.0183 
-0.OlS6 

-0.356 t 
-0.3493 
-0.3439 
-0.3380 
-0.3319 
-0.3259 
-0.9201 

-0.4518 
-0.44Gh 
-0.4409 
-0.4359 
-0.4306 
-0.4252 
-0.4?99 

-0.7064 
-0.7014 
-0.6964 
-0.6916 
-0.6366 
-0.6517 
-0.6763 

-1.1889 
-1. 1837 
-1.1783 
-1.1741 
-1.1692, 
-1.1613 
-1.1594 

0.0758 
0.0514 
0 .OX3 
0.0 

-0.027 1 
-0.0552 
-0.0343 

0.0597 
0.0403 
0.0204 
0.0 

-0.0309 
-0. o m  
-0.0643 

0.0382 
0.0256 
0.0129 
0.0 

-0.0132 
-0,0264 
-0.0399 

0.022'1 
0.0152 
0.0076 
0 .o 

-0.0977 
--0.0154 
-0.0233 
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FREE AND FORCED CONVECTIONS OPPOSING IN D I R E C T I O N  

0.05 
0.02 
0 

-0.02 
-0.05 
-0,oe 

0.06 
0.0'1 
0 -02 
0.0 

-0.02 
-0.05 
-0.06 

-0.303i 
4 . 3 0 2 1  
-0.2939 
-0.2959 
-0.2927 
-0.2s95 

-0.2162 
-0.2 133 
-0.2104 

-0.20!kT 
-0.2919 
-0.N91 

-o.?oie 

0.00 
0.01 
0.03 
0.0 

-0.02 
-0 .oi 
-0.06 

i 

0.06 - 
0.0-5 
0: 02 
0 

-0.02 
-0.04 
-0.06 

-1 .O't70 
--1.04:3:! 
-I .0:;9i 
-1.0256 
-1 .G?J3:! 
- 1  .G2S5 
-1  .0?i7 

. . , . . .  -.- . 

I 
A e 0 . 2 5  

-0.21 3s 
-0.2115 
-0.2030 
-0 - 2067 
-0.20G3 
-0.3019 
-0.1996 

* A = l  

0.0341 
0.0567 
0.0237 
0.0 

-0.0294 
-0.0595 
-0.0932 

-0.2994 
-0.2378 
-0.2832 
-0.2525 
-0.2501 
-0.2775 
-0.2749. 

0.0520 
0.0517 
0.0311 
0.0 

-0.02 lct 
-0.0133 
-0.0655 

A = 10 

0.0239 
0.0327 
0.0114 
0.0 . 

-0.OL15 
-0.0232 
-0.0350 

0.C118S 
0.01% 
0 .0063 
0 .o 

-0.nnG'L 
-0.0123 
-0.0 192 

00 

. .. -- - - ... .. 

-0.2199 
-0.2 162 
-0.2124 
-0.2090 
-0.2053 
-0.20 1s 
-0.1952, 

-0.3359 
-0.3317 
-0.3275 

- -0.33xj 
-0.3193 
-0.3152 
-0.31 I 1 

0.1224 
0.0933 
0.0434 
0.0 

-0.043ct 
-0.os91 
-0.1361 

0. os04 
0.0343 
0.0275 
0.0 

-0.0283 
-0.0571 
-0.OS63 

-1.1192 
--.I.14$5 
-1.1397 
--1.13-'tS 

0.0- 
-0.0079 
---O.Ol.',S 
-0.. O'io 

The conclusions made above concerning the  locat ions of t he  th ree  types 

of motion modes a r e  pressrved z l so  f o r  t h e  case when fw # 0. 

I After t h e  study o f  t h e  dynamical and thermal cha rac t e r i s t i c s  of t he  
boundary layer  w e  pass on t o  consider t h e  problem of mass t r a n s f e r  under t h e  

combined ac t ion  of free and forced convections. 

sented 8' (0) y $ '  (0) and m* f o r  various values of t h e  parameter A with t h e  

values P = 0.72, S = 0.9  and 4.6 both f o r  condensation as well as f o r  evapor- 

a t ion .  For f > 0 w e  have condensation, while when f < 0, evaporation from 

t h e  v e r t i c a l  surface.  

In  t h e  Table w e  have pre- 

w W 

Calculations have been car r ied  out also f o r  t h e  case when t h e  forced 

motion does not  coincide w i t h  t h e  d i r ec t ion  of t h e  f r e e  convection motion 

but  is opposite i n ' d i r ec t ion .  In t h i s  case we have f r ( - )  = -1, i n  boundary 

conditions (6) when I-I = my while the remaining conditions a r e  unchanged. The 
- - _  
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system of equations (5) a l s o  remain unaltered. 

Expressions (12), (15) and (17) f o r  t he  s k i n  f r i c t i o n  and f o r  t h e  loca l  

Nusselt numbers remain v a l i d  fo r  t he  process characterized by f r e e  and forced 

convections which are opposite i n  d i rec t ion .  . 

Received May 22,  1968 
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